Abstract. Let I 1 , . . . , Ig be ideals of the commutative ring R, let M be a Noetherian R-module and let N be a submodule of M ; also let A be an Artinian R-module and let B be a submodule of A. It is shown that, whenever (am (1) , . . . , am (g)) m∈N is a sequence of g-tuples of non-negative integers which is non-decreasing in the sense that a i (j) ≤ a i+1 (j) for all j = 1, . . . , g
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Abstract. Let I 1 , . . . , Ig be ideals of the commutative ring R, let M be a Noetherian R-module and let N be a submodule of M ; also let A be an Artinian R-module and let B be a submodule of A. It is shown that, whenever (am (1) , . . . , am (g)) m∈N is a sequence of g-tuples of non-negative integers which is non-decreasing in the sense that a i (j) ≤ a i+1 (j) for all j = 1, . . . , g and all i ∈ N, then Ass R M/I an(1) 1
. . . I an(g) g
N is independent of n for all large n, and also Att R B : A I an(1) 1
is independent of n for all large n. These results are proved without any regularity conditions on the ideals I 1 , . . . , Ig, and so (a special case of) the first answers in the affirmative a question raised by S. McAdam.
Introduction
Let R be a commutative ring (with identity) and I be an ideal of R. In [Ra] L. J. Ratliff, Jr., conjectured about the asymptotic behaviour of Ass R (R/I n ) when R is a Noetherian domain. Subsequently, M. Brodmann [B] showed that if R is Noetherian and M is a finitely generated R-module, then Ass R (M/I n M ) is ultimately constant for large n ∈ N. (We use N 0 (respectively N) to denote the set of non-negative (respectively positive) integers.) It is a very easy consequence of Brodmann's result that the same conclusion holds if we relax the hypotheses and assume only that R is a commutative ring and M is a Noetherian R-module. In [S1, Theorem 3.1(iii) ] the second author proved that if A is an Artinian R-module, then Att R (0 : A I n ) is ultimately constant for large n; in a sense, this can be regarded as a dual of Brodmann's result. More recently in [Ru, Theorem 5.5 are both ultimately constant for large n. We shall use techniques similar to those employed by Katz, McAdam and Ratliff to establish the first result when R is Noetherian, M is finitely generated and the ideals satisfy some regularity conditions. Then we shall extend the result to the general case by use of the Artin-Rees Lemma. In Section 2, we shall use Matlis duality and techniques investigated by the second author in [S3] , which allow an Artinian module over a commutative ring to be considered as a faithful Artinian module over a complete semi-local Noetherian ring, to prove the second result. (Throughout this paper whenever we describe a semi-local Noetherian ring as "complete", we shall always mean it is complete with respect to the topology defined by its Jacobson radical.)
1. Associated prime ideals 1.1 Notation. Throughout this paper R will denote a commutative ring (with identity). For a fixed positive integer j, we shall denote by N j 0 the set of all j-tuples of non-negative integers. Throughout, let g be a fixed positive integer, and let I 1 , . . . , I g be ideals of R; and for n = (n 1 , . . . , n g ) ∈ N g 0 we shall denote I 
There are three possibilities for n:
k is a non-zerodivisor on M, there is an exact sequence
and so
Repetition of this argument shows that, in cases (ii) or (iii),
which clearly is a finite set.
Lemma. Let R be a Noetherian ring and let M be a finitely generated Rmodule. Let h be a fixed positive integer and let
Proof. (i) We may clearly assume that M = 0 (and
Let e ∈ N 0 with e ≥ 1 and
, and continuing inductively in this manner
(ii) This follows easily by repeated application of the first part.
1.4 Theorem. Let R be a Noetherian ring and let M be a finitely generated Rmodule.
Proof. (i) If {a j (i) : j ∈ N} is finite for all i = 1, . . . , g, then the result is clear. Therefore we suppose this is not the case and we may reorder the ideals so that for some q ∈ N with 1 ≤ q ≤ g, {a j (i) : j ∈ N} is infinite for 1 ≤ i ≤ q, and finite for For each j ∈ N, let n j = (j, . . . , j) ∈ N g . Then, by part (i), there exists l ∈ N such that
Let c = max{l, k (1) + 1, . . . , k (g) + 1} and define d := n c . Let s ∈ N g with s ≥ d. Then there exists r ∈ N such that rd ≥ s, and hence, since d > k,
In the next theorem, there is no 'regularity' assumption on the ideals I 1 , . . . , I g . Thus the particular case of the theorem in which M = R answers in the affirmative a question raised by McAdam in [Mc, 13.5(i) ].
1.5 Theorem. Let R be a Noetherian ring, let M be a finitely generated R-module and let N be a submodule of M .
Proof. (i)
The result is obvious if {a j (i) : j ∈ N} is finite for all 1 ≤ i ≤ g. Hence we shall assume this is not the case and we may reorder the ideals so that there exists q ∈ N with 1 ≤ q ≤ g such that {a j (i) : j ∈ N} is infinite for 1 ≤ i ≤ q and finite for q < i ≤ g. 
and J cm in a way similar to
and so 
Hence Ass R (M/I am N ) is ultimately constant for large m.
As in the proof of part (i), we can apply the Artin-Rees Lemma to (0 : Ass
Clearly for any u ∈ N g with u ≥ d there exists e ∈ N such that ed ≥ u, and hence
1.6 Theorem. Let R be a commutative ring (not necessarily Noetherian), let M be a Noetherian R-module and let N be a submodule of M .
Proof. Clearly M has a natural structure as an R/ (0 : R M )-module with the same submodule structure as the R-module, and so is still Noetherian.
be the natural homomorphism, and φ * : Spec (R/ (0 : R M )) −→ Spec (R) be the induced map. Then by [Ru, Theorem 5 .2(i)], we see that
Hence since R/ (0 : R M ) is a Noetherian ring the results follow from 1.5.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2. Attached prime ideals 2.1 Matlis duality. The classical duality originally developed by Matlis (see [Ma, Section 4] ) dealt with a complete Noetherian local ring; it can, in fact, also be applied to a complete Noetherian semi-local ring (see [S-T, 3.5] ). We shall be making substantial use of this theory, and so we shall include a summary for the reader. Let R be a complete semi-local Noetherian ring, and let m 1 , . . . , m n be the distinct maximal ideals of R. Set S := n j=1 R/m j and E := E (S), the injective envelope of S. We shall use D to denote the additive, exact, R-linear [N, p.35] functor Hom R (−, E) from the category of all R-modules and R-homomorphisms to itself. For each R-module T , let
be the natural R-homomorphism for which (µ T (x)) (f ) = f (x) for all x ∈ T and f ∈ Hom R (T, E).
Then Matlis duality states (among other things) that, whenever M is a finitely generated R-module, 
Hence from the commutative diagrams
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use we see that π is just inclusion, and so Ker (D (β)) = J (D (A/B) ). Therefore, applying the Snake Lemma to the commutative diagram
where α is the inclusion map of ( (
Proof. This follows from 2.1, 2.2 and 1.6. the J-adic completion of R. Then A has a natural structure as a module over R (J) , and the ring R :=R (J) / (0 :R(J) A) is a complete semi-local commutative Noetherian ring. Also the module A is a faithful Artinian module over R ; moreover, a subset of A is an R-submodule if and only if it is an R -submodule.
(ii) Let φ : R −→ R be the natural map and let r ∈ R. Then the multiplication by r on A has the same effect as multiplication by φ (r) on A (see [S3, 2.2] Proof. If A = 0 the result is clear, and so we may assume that A = 0. Let the notation be as in 2.4. Let φ : R −→ R be the natural map and, for an ideal K of R, let K e denote the extension of K to R under φ. Let φ * : Spec (R ) −→ Spec (R) be the induced map. Then, by [Ru, Theorem 5 
